Abstract-HIFU becomes an effective and noninvasive modality of solid tumor/cancer ablation. Angular spectrum was used in the wave propagation from phased-array HIFU transducer, and diffraction, attenuation and the nonlinearity were accounted by second order operator splitting scheme. Bioheat equation was used to simulate the subsequent temperature elevation and lesion formation. Good agreement was found between our acoustic pressure waveform and distribution and those of KZK from a concave transducer. Furthermore, the multiple foci synthesis has much less nonlinear effect, which affects the heating rate but not the lesion size. In summary, our approach could simulate the performance of phased-array HIFU with high accuracy and efficiency to optimize the treatment planning.
I. INTRODUCTION
HIFU becomes a non-invasive modality in the treatment of the liver, kidney, breast, bone, and pancreas cancer [1] . HIFU propagation involves the nonlinearity, absorption and diffraction, which can be simulated by either the KhokhlovZabozotskaya-Kuznetsov (KZK) [2] or the Westervelt equation [3] . However, it is challenging to apply the KZK for acoustic burst through multi-layer inhomogeneous tissue from arbitrary transducer [4] . In comparison to singleelement transducer, phased-array design has more advantages, such as fast focus steering, generation of multiple foci, and compensation of phase aberration. However, investigation on the nonlinear effect of phased array HIFU transducer is rare. In this study, angular spectrum approach (ASA) with second order operator splitting was applied to simulate the acoustic field of in multiple layered media, and then the subsequent thermal field and lesion production were calculated using the Bioheat equation.
II. METHOD

A. Nonlinear Acoustic Equation
The evolution KZK equation that includes the effect of the diffraction, attenuation and nonlinearity can be given by 
where p is the acoustic pressure, L D , L A and L N are operators representing the effect of attenuation, diffraction and nonlinearity, respectively. One of the possible solutions to Eq. (1) is the use of the fractional steps with an operatorsplitting. Here the second order splitting scheme was used because of its high computational efficiency and accuracy, which was accomplished by first solving a half step with diffraction operator, then taking that solution to the nonlinearity and the attenuation operator for a full step and finally completing the diffraction operator by another half step.
where ∆z is the propagation step size.
To overcome the parabolic approximation in the KZK equation, full wave diffraction by ASA was chosen. Briefly, ASA could be defined through a transfer function in the spatial frequency domain for the pressure in one plane to that in another parallel plane: 
2D Fourier transforms of Eq. (4) becomes: 
Due to the intrinsic periodicity of the spectrum, undersampling of the propagator and the replication of the source, the spatial aliasing error frequently appears in the far field.
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To reduce such an error high frequency components in the spatial frequency domain will be filtered before spreading to the boundaries, such as using Tukey window.
A frequency-domain technique based on the ASA and Burger's equation is used for attenuation and nonlinearity over incremental steps [5] :
where n is the number of harmonics to be retained in the simulation, β is the nonlinearity coefficient, f 0 is the driving frequency.
B. Multiple Layer Model
In an interface, the transmission coefficient in the spatial frequency domain is given by [6] : Thus the angular spectrum of the pressures P 1 and P 2 in the interface are related by
C. Thermal Model
The Bio-Heat transfer equation (BHTE) was used to simulate the temperature elevation and lesion formation by HIFU:
where ρ is the density of the tissue, C t is the specific heat of the tissue, T is the temperature at time t, κ is the thermal conductivity, C b is the specific heat of the blood, w is the blood perfusion rate, T a is the arterial blood temperature, and q is the power deposited from the focused ultrasound energy: where α is the attenuation coefficient, and P net is the net sound pressure. The BHTE was solved using the finitedifference time-domain (FDTD) method with initial and boundary conditions of 37°C. The thermal dose, an equivalent exposure time at 43°C (t 43 ), is used to characterize the hyperthermia outcome.
where R is 0.5 for T ≥43°C and 0.25 for T < 43°C. The lesion formation requires a thermal dose of a 240-min exposure at 43 °C.
D. Phased Array
A concave phased-array consisting of 331 circular elements (diameter of 3.6 mm and driving frequency of 1 MHz) has 10 cm focal length and 5 cm aperture, and was used in the simulation (see Fig.1 a) . To simply mimic the human tissues, a model comprised of a layer of 2 cm water, 2 cm fat and 10 cm viscera is adopted (see Fig.1 b) . The single focus beamforming is achieved by the Huygen's principle, while the multiple foci beamforming is by the pseudo-inverse method [7] . Focus shifting occurs due to the phase aberration at the tissue interfaces. In order to compensate it the driving signal is revised by taking the weight which is the thickness of each layer divided by the total one [6] or by backward propagating the acoustic field to the transducer surface [8, 9] . All the simulation was performed with MATLAB (Mathworks, Natick, MA) on a PC (3.3GHz CPU, 4GB RAM). 
III. RESULTS
A. Model Validation
Simulation of the second order splitting scheme was first compared with that using the KZK equation in a two layered model consists of a 3 cm water and a 5 cm human tissue (see Fig. 2 ). The results agree closely in the far field (the discrepancy within 2%) but differ largely in the near field, which may be due to the different approximation of 
B. Acoustic Field
The acoustic field in the multiple-layered model was simulated (see Fig. 3 ). Because of the great attenuation of soft tissue the computational burden was significantly reduced to a few minutes, and only 10 harmonics were involved. It is found that the nonlinearity of acoustic waveform is weaker than that in the free field and the peak positive pressure is reduced by about half. For the four foci synthesis, the nonlinear effect is even weaker and the amplitude of the second harmonic at the focus is decreased to less than 20% of the fundamental one. 
C. Thermal Field
Nonlinear wave propagation in the HIFU leads to significant differences in the heating deposition rate and the temperature elevation in the tissue due to the presence of harmonics. In comparison to the linear calculation, the maximum temperature in the nonlinear acoustics is clearly higher (see Fig. 5 ). However, there is no significant difference in the lesion size, which owes to the quick dissipation of nonlinearity away from the focus. Therefore, the nonlinear effect can only fasten the heating process, but cannot enlarge the lesion size. The nonlinear acoustics play a significant role in HIFU ablation. In this study, a numerical algorithm has been adopted to investigate the pressure distribution and the corresponding thermal pattern of the phased-array HIFU with the on-axis and off-axis focus or multiple foci. The second-order operator splitting scheme is accurate and timesaving. The computation volume, the transverse and axial plane sampling intervals, and the number of harmonics are key parameters in the simulation. To reduce the computation time, the axial sampling interval decreases as the wave propagates towards the focus because of a large number of harmonics. The transverse plane sampling rate has to satisfy the Nyquist theorem, otherwise large wrap-around errors will occur. Here half of the wavelength is chosen as a tradeoff between the computation time and the numerical error. Although the calculation of nonlinearity starts from a plane 1.85 cm away from the transducer aperture and the Rayleigh-Sommerfeld integral is used for the HIFU propagation inside the bowl, the introduced errors are found less than 0.5%.
Overall, our numerical model can simulate the acoustic and thermal field of HIFU phased array in a high computational efficiency and accuracy. The multiple foci pattern will decrease the nonlinear effect, which hinders the heating rate, but without influence on the lesion size. Optimization of HIFU treatment planning is feasible to enhance the efficacy and safte and needs further investigation.
